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The euclidean dimension of a graph G, e(G), is the minimum n such that the vertices of G 
can be placed in euclidean n-space, R”, in such a way that adjacent vertices have distance 1 and 
nonadjacent vertices have distances other than 1. Let G = K(n,, . , ns+,+J be a complete 
(s + t + u)-partite graph with vertex-classes consisting of s sets of size 1, I sets of size 2, and u 
sets of size 23. We prove that e(G)=s+t+2u if t+us2, and e(G)=s+t+2u-1 if 
t+uc1. 
1. Introduction 
Let U” be the unit distance graph of euclidean n-space, R”, i.e. the vertex set of 
U” is R” and two vertices are adjacent if and only if the distance between them is 
1. For a simple graph G, the euclidean dimension of G, e(G), is the minimum 
integer n such that G is isomorphic to an induced subgraph of U”. 
Erdiis et al. [2] defined the dimension of a graph G, dim(G), as the minimum 12 
such that G is isomorphic to a subgraph of U”. Recently, Buckley and Harary [l] 
introduced the term “euclidean dimension” in the present sense. 
The euclidean dimension of the complete graph K, is clearly p - 1. The 
euclidean dimension of the complete bipartite graph K(p, q) was obtained by 
Lenz (see [2]). 
Theorem A (Lenz). The euclidean dimensions of the complete bipartite graphs 
are as follows: 
e(K(1, 1)) = e(K(1, 2)) = 1: e(K(1, n)) = 2 for n > 2; 
e(K(2,2)) = 2; e(K(2, n)) = 3 for n > 2; 
e(K(m, n)) = 4 for m, n z= 3. 
Buckley and Harary [l] determined the euclidean dimension of the complete 
tripartite graph K(p, q, r). 
Theorem B (Buckley and Harary). The euclidean dimension of complete tripartite 
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graph K(p, q, r), p 6 q s r, is given by 
2 ifp=q=l, rS2 
3 ifp=q=l, r>30rq=r=2 
4 ifq=2, ra3 
5 ifpS2, q>3 
6 ifpz=3. 
In this paper we present the following general result. 
Theorem C. Let 
G(s, f, u) = K(1, . . . , 1, 2, . . . , 2, n,, . . . , n,) 
-i s 
be a complete (s + t + u)-partite graph with ni 2 3, s, t, u being possibly 0, 
s+t+ua2. Then 
2. Proof 
For a nonempty set X in R”, let L(X) denote the affine subspace spanned by X. 
First we prove the following lemma. 
Lemma 1. Let X, Y be two nonempty sets in R” such that each point of X is unit 
dktance apart from all points of Y. Then 
dim L(X U Y) = dim L(X) + dim L(Y) + E, 
where E = 0 if L(X) n L(Y) f 0 and E = 1 otherwise. Furthermore, if L(X) and 
L(Y) intersect, then they intersect perpendicularly at the common center of the two 
spheres, the minimum-radius sphere passing through all the points of X, and the 
minimum-radius sphere passing through all the points of Y. 
Proof. If X is a singleton set then the lemma follows immediately. Suppose that 
X contains at least two points. Take a point y of Y and let z be the orthogonal 
projection of y on L(X). Since 
z is the center of a sphere that passes through all points of X, and since z is on 
L(X), this sphere must be the minimum-radius phere that passes through all the 
points of X. Therefore the point z is independent of the choice of y in Y. Thus 
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the vectors Z and $ (x E X, y E Y) are always orthogonal, and we have 
dim L(X U Y) = dim L(X) + dim L(Y U {z}), 
L(X) r-l L(Y) C L(X) l-l L(Y u {z}) = {z}. 
Now, if L(X) II L(Y) #0, then z E L(Y) i.e. dim L(Y U {z}) = dim L(Y), and in 
this case z must also be the center of the minimum-radius sphere that passes 
through all the points of Y. If Z,(X) n L(Y) = 0, then z is not in L(Y) and 
dimL(YU{z})=dimL(Y)+l. q 
The following lemma is easy, and its proof is omitted (see e.g. [3]). 
Lemma 2. Let wl, . . . , w, be the vertices of a regular simplex in R” with side 
length 1, and z be the ‘center’ of the simplex. Then 
,,wi-z,,‘=$$ 
The complement of a graph G is denoted by c. The join G + H of two graphs 
G and H is the complement of the disjoint union of c.? and I?. For an integer 
p 3 2, we define 
Lemma 3. For p, q 3 2, the following hold: 
(1) e(G + &) Z= e(G) +f (p>, 
(2) eW(p, 9)) =f (f-9 +f (4L 
(3) MS + &> = s - 1 +f(ph 
(4) e(K + WP, 4)) = s +f (P) +f (4). 
Proof. (1) Let m = e(G + &,). Embed G + &, in U”’ as an induced subgraph 
and let X, Y be the vertex sets of G and KP in this embedding, respectively. Then 
since Y is spherical (i.e. all points of Y lie on a sphere), we have that 
dim L(Y) 2 f(p). Hence by Lemma 1, we have 
m 2 dim L(X) + dim L(Y) *e(G) + f (p). 
(2) Similarly, we have e(K(p, q)) = e(&, + Z&) 2 f(p) + f (q). To prove the 
opposite inequality, take p points x1, . . . , x,, in RfCp) in such a way that llxill’ = 4 
and [(xi - xil( # 1 for every i, j. This is clearly possible. Similarly, take q points 
Yl, . . * J yq in RfCq) so that llyil/* = $ and (lyi -yill # 1. Then, the p + q points 
(xi, 0) i = 1, . . . , P and (0, yi) i = 1, . . . , q 
in Rf(J’)+fCq) = RfCp) x RfCq) together induce a graph isomorphic to K(p, q). 
Hence, eW(p, q)) sf (p) +f (4). 
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(3) by (l), e(& + K,) ze(K,) +f(p) = s - 1 +f(p). Let w,, . . . , w, be the 
vertices of a regular simplex of side length 1 in R”-l which is centered at the 
origin. Then llwi112= (s - l)/(a). Take p points x1, . . . , x,, in Rfcp) so that 
llxil12 = (s + 1)/(2r) and ((xi - xi(( # 1. Then the points 
(Wi, 0) i = 1, . . . , s and (0, xi) i = 1, . . . , p 
in RS-‘+f(J’) = RsP1 x Rf(J’) induce KS + KP. 
(4) Let n = e(Ks + K(p, q)). First we show that n 5 s +f(p) +f(q). Embed 
K, + K(p, q) = KS + & + I$ in U” as an induced subgraph, and let W, X, Y be 
the vertex sets of KS, Kp, and &, respectively. Then dim L(W) = s - 1, 
dim L(X) af(p), and dim L(Y) Sf(q). Suppose that any two of L(W), L(X), 
L(Y) has a common point. Then by Lemma 1, these three affine subspaces must 
have a common point z, which is the common center of the three spheres passing 
through the points of W, the points of X, and the points of Y. Since 
IIW - 2112 = (s - l)/(3) f or all w of W by Lemma 2, we must have (1x - z II2 = 
IIy - z112 = (s + l)/(b) f or x of X and y of Y. Hence, we have (lx - y (I* = 
Ilx --112+ IIY -Al2 > 1, a contradiction. Thus, there must be a disjoint pair in 
L(W), L(X), L(Y). Th en, again by Lemma 1, we can see that PZ 2 dim L(W) + 
dim L(X) + dim L(Y) + 12s +f(p) +f(q). 
To show the opposite inequality, let wl, . . . , w, be the vertices of a regular 
simplex of side length 1 in R”-’ centered at the origin, and let Wi = (w,, l/a) in 
Rs-’ x R = R”. Take xi and yi as in the proof of (2). Then the s +p + q points 
(Wi, 0,O) i = 1,. . . , s, (“,xj,o)j=l,...tp, (O,O, yk) k = 1,. . . , q 
in R" x RfcpkRfc9) = Rs+f(p)+f(9) induce KS + K(p, q). Hence n 6 s +f(p) + 
f(4). 17 
Proof of Theorem C. If I + u s 1, then by (3) of Lemma 3, we have 
e(G(s, t, u)) = s - 1 + c + 2~. Now we prove that e(G(.s, t, u)) = s + f + 2~4 for 
t + u 2 2 and furthermore, that there is a point set on a sphere of radius l/fi in 
Rs+t+2U, which induces a subgraph isomorphic to G(s, t, u). The proof is by 
induction on t + u. The case t + u = 2 follows from (4) (and its proof) of Lemma 
3. Suppose that e(G(s, t, u)) = s + t + 22.4 and let X be a point set on the sphere of 
radius l/fi in Rs+t+2u centered at the origin. We need to show that 
e(G(s, t, u) + Kp) = s + t + 2~4 + f (p), p L 2, and that there is a point set of a 
sphere of radius l/ti in Rs+rc2u+f(p), which induces a subgraph isomorphic to 
G(s, t, u) + K,. Let Y be a point set on the sphere of radius l/ti in Rfcp) 
centered at the origin, which induces a subgraph isomorphic to K,. Then the 
points (x, O), (0, y) E Rs+r+2u x Rfcp) (x E X, y E Y) 
are clearly on a sphere of radius l/a, and they induce together a subgraph 
isomorphic to G(s, t, u) + &,. Hence e(G(s, t, u) + Kp) s e(G(s, t, u)) + f (p). 
The opposite inequality follows from (1) of Lemma 3. Cl 
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